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Introduction

Example 1: Periodic function
Let z(t) be a bounded periodic function with period 1.
Then Iy, (r)<g} is periodic with the same period 71 for any & € R.

Let v = 77 (fundamental frequency) and A; £ NZ.

, 1 /7 .
2 B (z(t)e P 2 Jim Jz(t) e Mgt A eR.
Then a) =0ifA¢A; and

1 m ,
ad == z(t)e P dt if e
T1 0

. : , A
The set of frequencies of z(t) is defined by I, = {\ € R: a} # 0} C A;.

Then Tipeqy M

Question : Link between FH{Z(O and I, ? 2

<&}
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z(t) = cos(27t)
abs fft cos(27t) abs fft Ifcos(2rt)<0}

abs fit2(1) 28 Mgy

4 4
A(rds) A(rds)
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abs fft Ticos(2rt)<e}

abs fft I(z(t)s g
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Apparition of new harmonics for the indicator function :

w=k  keZ |
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Example 2: Poly-periodic function

Let z(t) = z-, (t) + z,(t)
where z.,(t) bounded periodic function with period 7, i = 1,2.

71 >0 and 72 > 0 uncommensurable: 2 ¢ Q  (not rational).

What kind of almost-periodicity does I;(;)<¢, inherit ?
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z(t) = cos(2mt) — 2 cos(2v/2nt)

bs fft |
bt lzm=g
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Apparition of new harmonics:

and also of correlation between the frequencies :

Via ko = k1 + kaV/2,

kl,kg €7

-10-
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Plan
| - Almost periodicity (a.p.)
— Uniform (u.a.p.) — Stepanov (S-a.p.) — Besicovitch (B-a.p.)
Il — Indicator of an almost periodic function

II1- Frequency extraction from the distribution function
— FOT distribution — Cyclic FOT-measure
— Gardner fundamental theorem on sines-wave extraction

'V — B-a.p.-in-distribution function
V — Almost periodic extraction

V| — Extraction of periodic components

Besicovitch (1932): almost periodic functions in the sense of Bohr (uniform),
Stepanoff, Weyl, and Besicovitch.

From M. Kac & H. Steinhaus (1937), M. Steinhaus (1940), notion of "relative
distribution” reconsidered by W. Gardner (1987), J. Leskow & A. Napolitano
(2006): (with the notion of FOT-distribution)

-12-
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| — Almost periodicity (a.p.)

— Uniform norm: U : Ny(z) = ||z]| = sup, |z(t)] < oo;

— Stepanov S%-norm:
A 1 to+T 1/p
Ny (2) = lzlsy 2svm |3 [ laoP |
— Besicovitch BP-seminorm:

Ngr(2) 2 Ii;n sup
—00

1 +T 1/p
ﬁ/T z(t)|”dt] .

Simulation
000000000

Besicovitch (1932): almost periodic functions in the sense of Bohr (uniform),

of Stepanoff, of Weyl, and of Besicovitch.

-13-
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Identification — Point separation property
(i) Nu[zZ] =0« (2(t) =0 foranyt).
(i) Nso[z] =0« (z(t) =0 for Leb-almost everyt).

(iii) Npe[z] =0: We can have Leb{t € R : z(t) # 0} = cc.
Examples: (1+ [t])~2 with a >0, e7Itl,. ..

bounded relatively measurable z(t) with Dirac FOT-distribution.

Some comparison properties

(i) (14 T)*Nep < Ngp < (1+ T~Y) Ngp.  Notation : SP = SP
(i) Ng» < NS? < Ny.

(iii) Nsa < Ns» and Ngs < Np» for 1 < g < p.

_14-
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Almost periodic functions

Let 7 be the set of trigonometric polynomials.

—{u.a.p} 2 Cu(T) (closure of T by the norm Ni):

- {SP-a.p.} = Cseo(T) (closure of T by the norm Nss);

- {BP-a.p.} 2 Cee(T) (closure of T by the semi-norm Npg»).

Properties Here G = S or B.
(i) If z,(t) GP-a.p. and Ngr(z, — z) — 0, then z(t) GP-a.p.
(i)
(iii)
(iv) {u.a.p.} C {SP-a.p.} C {BP-a.p.}.
(v) {GP-a.p.} C {GY%a.p.} C{Glap.}foranyl<gq<p.

If z(t) GP-a.p. then Ngr|z] < o0.

If z(t) u.a.p. then z(t) bounded and uniformly continuous.

-15-
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Fourier analysis
Let z(t) be GP-a.p. Then

(i) The mean a £ (z(t) e’j2’“\t>t exists for any A € R.
(i) If a5 =0 for any A € R, then Ng»r[z] = 0.

(iii) LetT, 2 {yeR:az #0} and

/\Zé{zni’w:nGN,NIGZa’WGrz;izlv--~>”}'

i=1
Then the sets ', C A, are at most countable.
(iv) Bochner—Fejér polynomial o%(t) associated to a.p. z(t):
A= Y ahe
yer,NB

where 0 < O‘ZB,W <1 and B C R finite.

-16-
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(v) Moz CT, and F(Ué)k C A, forany k> 1.
(vi) Ng» [0% —z] — 0 for any B, 1T, as n — oc.

(vii) Parseval equality:

If z(t) B*a.p. then (|z(t) Z \av7|2 < 0.
~yer,

(viii) Riesz—Fisher theorem:

For every series > a, @™ such that > |an|? < oo,

there exists a B2-a.p. z(t) having this series as its Fourier series.

Remark: z;(t) = cos(t) and z(t) = z(t) + (1L + [t])~!
Ng2[z1 — ] =0 and z(t) # z(t) for any t € R.

-17-



Introduction A.P. funct. Indic Freq. extract A.P. distrib A.P. extract Per. extract Simulation

0000000000 [e]ele]e] Te] 000 O00000C

Properties
(i) If zi(t) and z(t) bounded G!-a.p., then z(t) - z(t) G'-a.p.
Moreover I,,.,, C T, + 1T, 2 {71 +Yimel,,me FZZ}.
(i) If z(t) bounded G!-a.p., then z(t)* GP-a.p. for any p > 1 and
any integer k > 1. Moreover [« C A,.

(ii) If z(t) bounded and G'-a.p., and g(x) continuous on R
then 8oz : t+— g(z(t)) is GP-a.p. for any p > 1.

Moreover [, , CA,.
These facts are well known for u.a.p. functions.

-18-
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Convergence of the trigonometric series
If z(t) is B%-a.p. Then <|z(t)|2>t => |a§‘|2 < oo (Parseval).
What can we say conversely ?
Consider a trigonometric series ¥(t) ~ > a, /2™t
(i) B-a.p.: If 3, |ay|* < oo (Riesz—Fisher)
then there exists B-a.p. z(t) with Fourier series ¥ (t).
This does not mean that series X(t) is convergent for Nge.

But sequences of Bochner—Fisher polyn. {0% (t)} converge
to z(t) for Ngz (asymptotic). Also to z(t) +1/(1 + |t|).

(i) v.a.p: If 37, |an| < oo then ¥ (t) converges for any t, and is u.a.p.

(iii) S%-a.p: if 35, |an|* < oo and 3°3°, ., |an aﬂw < 00,

then ¥(t) converges in S2, and is S2-a.p.

-19-
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|- Indicator of an almost periodic function

Relatively measurable function - FOT-distribution
Let z(t) be a relatively measurable (RM) function
and F,(&) be its Fraction-Of-Time-distribution (FOT-distrib.).

T

A . 1
Fo(6) = (liztozey ) = Jim o | Ttz ot

Wintner 1932: If z(t) continuous bounded and (x(t)P), exists for any
p > 1 then z(t) RM and

(x(1)P), = /R EPdF (£).

Hence, any u.a.p. function is RM.
As well as, any S'-a.p. or B-a.p. bounded continuous function. -20-
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FOT distribution of cos(27t) : Feos(2rt)(§)

abs fft I(Z(l)s E)(O)
1
08
//
06 | -~
//
/
-
04+ -
//
02 /
o . . . .
-1 05 0.5 1
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BP-approximation of indicator function (Technical result)

For each € > 0, let g.(x) such that sup, [Lj,>0; — g(x)| <1

6Iiﬁmoge(x) =l{x>0y and lim sup |]I{X20} — ge(x)| =0.

e—0 ‘X|>6

Let z(t) RM function and 0 continuity point of F,(£).
Then  Nge [T{z(5)>0) — &,(2(t)] =0
for p > 1 and for €, — 0 of continuity points of F,(¢).

Remarks: Y

P
— Recall that Nps(z) £ lim SUPT_00 [% ffT |z(t)|? dt} .
— Technical problem with other norms Ny; and Nsp.

_22-
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BP-a.p. indicator function

If z(t) bounded, RM and B!-a.p.
Then I(,(1)<¢,y BP-a.p. forany p>1,and 1, ., CA;

for any continuity point £, of the FOT-distribution F,(¢).

Remarks:

(i) Same property for Iy, (r)<e,1s Liz(t)>¢,3and Lizn)> e,y

(i) If z(t) B'-a.p. bounded then Iy, (;)<¢,y B'-a.p. forany & ¢ =,
where =, at most countable.

(i) We can also consider unbounded B!-a.p. z(t). Unfortunately we do

not get the inclusion between r]]{z(r)<§a) and A,.

(iv) For a S'-a.p. function we cannot conclude that Lz(t<eoy s Sta.p.
for all points £ € R except an at most countable subset.
But only for some points.

_23-
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I'I'l-— Frequency extraction
Cyclic FOT-measure
Let ACR such that: if A € A then kA € A for any k € Z.
Definition  z(t) € ZM
SL:p|z(t)\ <oo and FM&ZE (Lizey<eye ™), exists

for any A € A and £ € R\ =, where =, C R is at most countable.
Then
(i) z(t) RM, F;(€) 2 F2(¢) FOT-distribution of z(t).
(i) For A e A, £ e R\ Z;,
FAOEC, FAE)=FNE) and  [FXE)| < F(6) <1,
F}—o0) =0 forany A\, and F}(co0) =0 for any \ # 0.
(i) |FM&) — FM(&)] € Fz(&) — (&) for & <& inR\ =,

Recall F;(—&) non-decreasing and (since sup, |z(t)| < o)
Fz(—€) — Fz(—00) =0  Fz(§) — Fz(c0) =1 as € — 00 . o



Freq. extract.
©000000

abs fft L ogort)—2cos(2v/2me)<e} A#0, max¢ abs fft
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abs fft ]I{cos(QTrt)—Q cos(2v/2mt) <&}
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Let z(t) € ZVI(JA) and A € A. We have seen that
|FA(&) = F(&)] < F(&) = Fo(&) for & <& inR\ =,

The increments of F)\(¢) are dominated
by the increments of the FOT-distribution F,(¢) of z(t).

Hence ¢ — F)(€) is of bounded variation in R and is continuous at any
point of continuity of the FOT-distribution F,(&).

Definition

The function F) (&) will be called cyclic FOT-measure at frequency \ of

z

the function z(t).

Stieltjes integral
-30-
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Fundamental theorem on sines-wave extraction (W. Gardner)

Let z(t) € th(,/\) and g(¢) be a function which is
(1) either continuous,
(2) or bounded, monotonic and [, |g(§)|dF;(£) exists.

Then

T+t,
o A o
(=) ™) 2 fim 57 ], £l
o) to—

exists independently of t, € R, and

(g(2(1)) e 2N = / 2(€) dFX (),

R
for any X € A.
Hence, for every A € A and integer k > 1,
(20 ), = [ ¢ dr(e).
R

-31-
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|'V— B-a.p.-in-distribution function
Definition
z(t) € Z: z(t) bounded and B'-a.p. in distribution:
Iizt)<ey is Bl-a.p. for any £ € R\ =,, where =, C R at most countable.

Then
. = A ;
() 2() € 2,7, FNO) = (Izozey &°7),  and
Fes2 {NeR: F}¢) #0} at most countable for any ¢ ¢ =,.
- A -
Let I, = U§¢Ez e

(ii) Furthermore

2 2 (z(t)e ) = / £ dFA(E)

is well-defined for any A € R.
(iii) Hence z(t) € Z,(JR) and T, CT,.

-32-
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(iv) Parseval equality :

F©) = ((Iwze)”), = 2o IFAOF <1

A€T,
Hence
> |ROF = ROO-F(6) < min{1/4, F.(¢), 1-F(6)}.
Aer:\{0}
As result

—If F)(¢) =0 for any A # 0 then F,(£) =0 or 1.
—1f T, = {0} then there exists &, € R such that Ng[z(t) — &] = 0.

-33-
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(v) For the increments (Parseval equality):
2
Y IFN&) - FN@)) = (ta<a<e), = F(&) = Fa(&) <1
AT,

and

Y |RM&) - FXE) = (F&) — &) (1 - F(&) + Fa(&1))

A€T;\{0}

< min{1/4, (F.(&) — F2(&)), (1 - F(&) + F(&))}
for 61 < 62 in R\EZ

(v) However when z(t) € 2;’3 we do not know whether z(t) is B-a.p.

Even when )", }ai‘f < 0o we do not now whether z(t) is B%-a.p.

-34-
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Case of a bounded and B-a.p. function

Let z(t) bounded and Bl-a.p.

Then z(t) B*a.p. and ), ’32\’2 < 00.

Moreover z(t) € Z2 c Z®) and T, CA,.

Recall A, 2 {Zlen;fy;:nEN,n,-EZ,me Fz,izl,...,n}.

The previous results are valid.

-35-
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V —Almost periodic extraction

We consider two ways to extract an almost periodic part of a signal.

— The first one is directly characterized by the Fourier (or cyclic)
coefficients of the signal (the almost periodic additive component).
It fits very well for linear analysis.

— The second one is defined from the cyclic FOT measures (the
almost periodic FOT-distribution component). It can be applied for
non linear analysis following Gardner fundamental theorem of
sines-wave extraction.

Unfortunately the relationships between these two notions are not
satisfactory. Then we illustrate this problem in the case of the periodic
extraction.

-36-
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Almost periodic additive component
Let z(t) € ZW), thatis, a} 2 (z(t)e>™*)  defined for A € A.

Assume that
S22 < .
AEN

Then there exists a (not unique) B2-a.p. function zx(t) with

zz(t) ~ Z a) /2t (Riesz—Fisher theorem)

AEA
Hence a2, = (za(t) e 2mt) =2} forA e A
A _
and ay =0for A€ R\ A
Moreover

<|z/\(t)’2>t = Z |a§‘|2 (Parseval inequality).
AEA

-37-
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Define the residual zp (1) 2 z(t) — za(t).
Then (zp (t)e™/>™*) =0 forany A €A
and (zn,(2) z/\(t)*>t =0 when either (i) z(t) and za(t) bounded,

or (ii) (z(t)?); exists and is finite.

In the case (ii) we obtain that
(lzn.r(0))e = (2(t)*)e = {[zn(t)]?)e.

Notice that zp(t) is real-valued if A = —A.

# If 3 e |a2] < oo then za(t) is uniformly almost periodic (u.a.p.
a(t) = Y2 2
AEA

The sum is uniform with respect to t € R;

and  zp(t) continuous bounded.

)

-38-
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Almost periodic-distribution component

Let z(t) € ZM and A C R stable by integer multiplication.

Then cyclic FOT-measure F)(¢) 2 (Iiz(ey<ey €772™), for e A

If in addition 3™, ., |F2(€)]? < 00 for € € R\ =,
then there exists B2-a.p. t — ®(t,¢) € R with
dW(t, ) ~ Z F)¢) €™ (Riesz—Fisher theorem)
AEN

and

<¢£/\)(t’§)2>t = Z |Fz’\(§)|2 (Parseval equality).
AEA

-30-
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Let the residual Rﬁ/\)(t, £) 2 [izt)<ey — ¢g\)(f, £)

Then <R§A)(t,£) e /2TAt) =0 for any A € A,

(RM(t,§) ©W(t,€)), =0

and

(RV(£,€)2), = Fo() = (M (£.)2),.

-40-
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If z(t) € Z™ and bounded

then z(t)e 2™ and a2} 2 (z(t)e Py = /]Rfd"?@)

(i) If in addition >, A ’aﬁf < 00 then there exits a B%-a.p. za(t)

zz(t) ~ Z a) /2,

AEN

Moreover [, CA, a) =0 forA¢ A  and
2= o= [ €dEXQ) forach
R

(ii) Let zp,(t) 2 z(t) — za(t).

Then  (za,(t)e2™t) =0 forany X € A.

_41-
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(iii) If we also assume that the B-a.p. function zx(t) is bounded,

then zp(t) € ZMa).
Furthermore a =0for A\¢ A and

A= dF) &) = dF) for AeA.
2 = a) /5 ©) /Rg 26 for Ae

Question: What is the link between F) (£) and F}(¢) ?

zp
_42-
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V I'| - Extraction of periodic components
Periodic additif component of a signal

Definition Let 7 > 0 fixed, 71 2 77 > and Ay £ 1 Z.
z(t) € Zén}: z(t) bounded and synchronized average

N-1
z-(t) 2 E{mHz(t)} 2 lim LN Z z(t+ nmy) = (z(t + nmy))

exists for any t € R C R where Leb[R \ R] = 0.

Then z, periodic bounded and z,,(t) € Z(M7%),

Moreover a) =0 for A\ ¢ vZ and

Zry

1 [ ,
—/ z,, (t)e F2mknt gt
0

2 A <Z7_l(t)e—j2ﬂ-k'y1t> ==

ZT1 t

_43-
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Then residual z, .(t) 2 2(t) =z, (t) € Z[()vlz) and

<z(t)e*j2ﬂ'k’ht>t —_ <Z7-1(t)€7j2ﬂ-k’ylt>t,
<ZT1,r(t)e_j27rk'Y1t>t =0 for keZ.
that is

a’ZVYl — ak“ﬂ and alzwl —0.
1,0

27—1

If A ¢ 1Z and a2 2 (z(t)e™/2™t), exists  then
(2(6) ) = (20, (1) 2, and (2 (£)e 2N, = 0

that is
A A

_ A
a; =a; . and a = 0.

_44-



‘Conversely” : If z(t) € Z

(mZ)

, have we z(t) € Z[* 7

«Or «Fr o«

DA



Introduction A.P. func Indic Freq. extract A.P. distrib A.P. extract Per. extract. Simulation

00800

Periodic distribution component of a signal
Definition Let 7 > 0 fixed, 7, 2 7, ' and A; = 11 Z.

z(t) € Z{m} : synchronized average

N
T A . 1
Ot S B {Ig<g } = Jim Soma D Tsermm<ey,
n=—N

exists for any t ¢ R C R and any £ e R\ =.
where Leb(R\ R) = 0 and the set = C R is at most a countable set.
(Napolitano 2020, Definition 2.20 (p.46)).

For simplicity of presentation, put ®{™}(¢,¢) 20 for t € R\ R.
_46-
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We readily obtain that z(t) is RM. Moreover
(i) € oL (t,¢) is a FOT-distribution for t € R.
(i) t— oi™(t,€) periodic and 0 < ®1™}(t,¢) < 1. for £ € R\ =.
(iii) Define
FIH (0 & (ofrh(e,g) e 2™)  for AeR.
t
Then FI™ (X&) =0 for A¢mZ and

1 [m ;
FIM N8 = — /0 Ol (t, ) e 2t dt if ke

(iv) Zint c Zn2)  and

FI (0 €) = (Tizozere ™), S FNE) for A emL.

t

Notice Fz{ﬁ}(07f) = F,().
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Per. extract.
0000e

Extraction of a finite number of periodic components

71 > 0 and 7 > 0 non commensurable : % irrational.

A =7Z UL
(i) Additif component of a signal
212(t) 2 20, (1) + 20, (£) — {2(0))e.

Recall <z(t)>t = <le(t)>t = <272(t)>t.

(ii) Distribution component of a signal
OP(£,€) £ O7(1.6) + OF(t.8) ~ F(O).

Recall  F,(¢) = (Ijzo<ey), = (P2 (£:9), = (P2 (2,9),
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Simulation:
ap-add.extract. cos(2mt) — cos(2v/27t) + cos(2t)

), 1‘2“) abs fft 2(t), abs fit 112(|)

“ \(J mo.z




Simulation
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freq.extract.indic. cos(27t) — cos(2v/2nt) + cos(2t)

abs fft|
abs "”(zmg 9 (At

2 g . 0
A (rds) % A rds)
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roduction A.P. func Indic Freq. extract A.P. distrib A.P. extract

freq.extract.indic. cos(27t) — cos(2v/2nt) + cos(2t)

bs fft |
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freq.extract.indic. cos(27t) — cos(2v/2nt) + cos(2t)

absfft I(l‘z(l)s g

abs fit| ey
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ap-distr.extract. cos(2mt) — cos(2v/27t) + cos(2t)

|
)<t}
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freq.extract. cos(27t) — cos(2v/27t) + cos(2t)

absfftl ey abs fit 012(1,5)
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ap-distr.extract.: remark

|
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ap-distr.extract.: remark
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THANK YOU FOR YOUR ATTENTION !



	Introduction
	A.P. funct.
	Indic.
	Freq. extract.
	A.P. distrib.
	A.P. extract.
	Per. extract.
	Simulation

